We study the hamiltonian reduction of affine Lie superalgebra sl(2|1)
Two-dimensional topological gravity coupled to topological matter system [1] has been known to reproduce the results of the matrix model approach to two-dimensional gravity.
There is more conventional approach of considering Liouville gravity coupled to BPZ minimal model (c ≤ 1 non-critical string) [2] . Although the BRST analysis of physical states [3] indicates that the non-critical string theory is equivalent to other approaches, it lacks apparent topological field theoretical formulation.
It is recently found that the BRST algebra in the non-critical string may be extended to an infinite dimensional symmetry (we call it topological conformal algebra) [4] . This observation allows us to interpret the concepts in non-critical strings such as physical states and the ground ring in terms of the topological conformal field theory. In a recent paper [5] , Bershadsky et al. suggested that this kind of realization of topological symmetry may be obtained from the hamiltonian reduction of affine Lie superalgebra sl(2|1) (1) with a certain choice of simple root system. The symmetry algebra is regarded as the anti-twisted N = 2 superconformal algebra. It is quite important to study this correspondence given by the hamiltonian reduction and examine topological properties in view of its extension to the non-critical W -strings, which have rich symmetries and gives well-defined continuum models beyond the c = 1 barrier.
The purpose of the present article is to study the classical and quantum hamiltonian reduction method of sl(2|1) (1) relevant to the c ≤ 1 non-critical string in detail. After introducing the affine Lie superalgebra sl(2|1) (1) and two types of simple root system, we show that the Poisson algebra on the reduced phase space gives the (twisted) N = 2 superconformal algebra. We then propose a scalar Lax operator formalism to get a free field realization of the classical topological conformal algebra, which is different from the standard one in the sense that one of the super currents is realized by a single fermionic (anti-ghost) field. We shall study the quantum hamiltonian reduction of sl(2|1) (1) based on the BRST formalism. There are two approaches to study the BRST cohomology.
One is to use an explicit Wakimoto realization of the currents and to study the quartet made of bosonic and fermionic ghosts [6] . The other approach first studied by Feigin and
Frenkel [7] uses the canonical coboundary operator of a nilpotent subalgebra of affine Lie algebra, which does not rely on any explicit free field realization of the currents. In the present article we will use the latter method. In the quantum hamiltonian reduction the topological conformal algebra is obtained as the algebra of BRST cohomologies. After bosonizing the Cartan currents, we get the free field realization of topological conformal algebra in the non-critical string theory.
Let g be a Lie superalgebra with rank r,ĝ its untwisted affine extension [8] . Denote the set of roots of g by ∆ = ∆ + ∪ ∆ − , where ∆ + (∆ − ) is the set of positive (negative) roots of g. The set ∆ may be also decomposed as ∆ 0 ∪∆ 1 . Here ∆ 0 (∆ 1 ) is the set of even (odd) roots, which correspond to the (anti-)commuting generators. Define ∆ i
The Lie superalgebra sl(2|1) is represented by 3 × 3 matrices
satisfying the super traceless condition strX ≡ x 11 + x 22 − x 33 = 0. Here x's and ξ's are Grassmann even and odd elements, respectively.
In contrast to simple Lie algebras, a Lie superalgebra admits in general various choices of the simple root system. For g = sl(2|1) there are two distinct simple root systems.
One is given by
which corresponds to the Dynkin diagram h h × . Here e i (i = 1, 2) and δ 1 are orthonormal basis with positive and negative metric respectively:
In the choice (2), the simple roots α 1 and α 2 satisfy α 2 1 = 2, α 2 2 = 0 and α 1 · α 2 = −1. The positive roots of this algebra are α 1 , α 2 and α 1 + α 2 , in which α 1 is an even root and others are odd roots. The other choice is to take the purely odd simple root system:
which corresponds to the Dynkin diagram h × h × . Both root systems are related each other by
We call the former root system as type A and the latter as type B.
The type B root system has been used to derive the N = 2 superconformal CP 1 model by gauging the nilpotent subalgebra of sl(2|1) (1) [9] . In this case we can use manifest N = 1 supersymmetric formulation since the embedding of sl(2) may be extended to Lie superalgebra osp(1|2) [10] . On the other hand, the type A simple root system does not allow manifest superspace formulation. Hence we must use component formalism for the A type. But it is the reduction based on the type A simple root system which gives the topological conformal algebra of the c ≤ 1 non-critical string [5] . Note that the nilpotent subalgebran * depends on the choice of simple root system.
The dual spaceĝ * of an affine Lie algebraĝ carries a Poisson bracket structure induced by the coadjoint action ofĝ, or the gauge transformation. The spaceĝ * is generated
. . , r) and fermionic currents j γ (z)
. For simplicity we use the notations J ±1 (z), j ±2 (z), j ±12 (z) for the currents corresponding to the roots ±α 1 ,±α 2 and ±(α 1 + α 2 ). The current algebra is expressed in the form of the operator product expansions (OPEs):
We now study the classical hamiltonian reduction of affine Lie superalgebra sl(2|1) (1) .
The hamiltonian structure of the N = 2 superconformal algebra may be realized on the reduced phase spaceĝ * ⊗ {ψ † , ψ}/n * , where ψ † (z) and ψ(z) are a pair of fermionic ghosts with weight λ and 1 − λ introduced for making the second class constraints into the first class constraints. The ghost pair ψ † (z) and ψ(z) carries the Cartan weights −α 2 and α 2 (−α 2 and −α 1 ) for type A (B). The weights of auxiliary fermionic fields are determined by the gradings of the sl(2) embedding into g and depend on the choice of the root system (λ = 3/2 for type A and λ = 1/2 for type B ).
In both cases of simple root systems, one may take the Drinfeld-Sokolov (DS) gauge:
The gauge transformation δ ǫ J DS (z) = [ǫ(z), J DS ] + k∂ǫ(z) preserving the DS-gauge, induces the Poisson algebra structure on the reduced phase space. Put the gauge parameter
From the DS-gauge preserving condition, we get the relation
The gauge parameter with this restriction defines the gauge transformation on the reduced phase space. By expressing its generator δ as
the gauge transformation is given by taking the Poisson bracket with δ. Thus we find the Poisson algebra which takes the following form in terms of the operator product expansions:
where T P F (w) =T (w)/k, G + (w) =G + (w) and G − (w) = −G − /k. The energy-momentum tensor T P F is nothing but that of the Z k parafermions SU(2) k /U(1) [11] . In fact, the total energy-momentum tensor
becomes that of N = 2 superconformal algebra.
Next we consider a system of differential equations associated with the Lax operator
The 
where
is the twisted energy-momentum tensor.
Note that L DS is a covariant operator under the spectral flow. Namely for any function
The present formula for the spectral flow would be useful to investigate the supersymmetry in higher spin conserved currents, which is not manifest in the component formalism.
The free field realization is obtained by connecting the DS gauge and the diagonal gauge [12] :
where P i (z) = h i · H(z) (i = 1, 2, 3) and h i are the weights in the vector representation:
Here λ 1 ≡ −α 2 and λ 2 ≡ −α 1 − 2α 2 are the fundamental weights satisfying α i · λ j = δ i,j . Let us consider the system of differential equation associated with the diagonal gauge:
As in the case of the DS-gauge, the above equations are shown to be equivalent to
Since the top components of v and v ′ are gauge invariant, the equations L DS v 1 (z) = 0 and
(z) = 0 should give the same equation. Therefore we get the Miura transformation of the form:
In the diagonal gauge (16), the fields P i (z) (i = 1, 2) and j ±2 (z) are not free fields due to the constraints:
However, by introducing two free bosons φ(z) = (φ 1 (z), φ 2 (z)) and a pair of fermionic ghosts (ψ † (z), ψ(z)) with weights (
), we may solve the constraints. Define complex
. Then a solution is given by
From (19) and (21) we get
The fermionic ghosts (ψ † , ψ) have weights (1, 0) with respect to the energy-momentum tensor T twisted but (2, −1) for the anti-twisted one
Next we discuss the quantum hamiltonian reduction based on the BRST formalism.
Let us introduce a pair of fermionic ghosts (b 1 ,c 1 ) with conformal weights (0, 1) for the constraint for J −1 (z)−1 = 0 and two pairs of bosonic ghosts (β 2 ,γ 2 ), (β 12 ,γ 12 ) with weights
) for the constraints j −2 (z) − ψ † (z) = 0 and j −12 (z) = 0, respectively. Define the BRST current J BRST (z) and the BRST charge Q BRST by
and
J BRST (z), satisfying the nilpotency condition Q 2 BRST = 0. In Feigin-Frenkel's approach [7] , one decomposes the BRST current J BRST (z) as
We define the associated BRST charges Q BRST act on the operator algebra A tot of the tensor product of the current algebra and the ghost algebras;
where U[sl(2|1) (1) ] is the universal enveloping algebra of sl(2|1) (1) and Cl b,c denotes the Clifford algebra of fermionic ghosts (b, c). H β,γ is the Heisenberg algebra of bosonic ghosts 
But, as was pointed out by de Boer and Tjin [13] , we can exchange the order of taking cohomology
because the non-trivial Q
1
BRST cohomology only appears at the ghost number zero sector (the spectral sequence degenerates at the E 1 term).
In practice, it is convenient to introduce the modified currents:
Being BRST doublets, (J −1 ,b 1 ), (j −2 , −β 2 ) and (j −12 , −β 12 ) decouple from the non-trivial cohomology. On the reduced complex A red , the non-trivial Q 0 BRST action reads,
Here we define the normal ordered product (AB)(z) for two operators A(z) and B(z) by 
The standard argument of the spectral sequence tells us that the generators of the total BRST cohomology are obtained by solving the descent equation
the modified current as follows;H
It is not the original current H i , but the modified currentsH i that are bosonized. The ghost fields have non-trivial OPE with φ 1 and φ 2 . We get the following free field realization of the anti-twisted N = 2 superconformal algebra;
After the twist
, we recognize the free field realization of the topological conformal algebra appearing in the non-critical string theory [4, 5] . In the above equations the matter field φ M and the Liouville field φ L are identified as φ 1 and φ 2 , respectively. In the classical limit k → ∞ these formulas reduce to (22).
We have shown that the BRST cohomology for the Hamiltonian reduction of sl(2|1) (1) by the constraints J −1 = 1 and j −2 = ψ † gives exactly the twisted N = 2 superconformal algebra of the non-critical string theory. As we remarked before, one could obtain the same result (modulo BRST exact terms) by taking Q 0 BRST cohomology first. The equivalence of the two ways of constructing the spectral sequence allows us to get some insight on the screening operator necessary for the free field approach to the non-critical string theory.
The point is that we can think of Q 
Thus we have a free field realization of H Q 0 BRST (A red ) in terms of φ 1 , φ 2 , ψ and ψ † . The desired BRST cohomology should be taking the Q 1 BRST cohomology on this space, which takes the form
The first term may be interpreted as the standard screening operator on the "matter"
sector which defines the Virasoro minimal model. On the other hand, the second term introduces a new feature in the free field approach to the minimal model coupled to the two dimensional gravity. It is very important to understand the role of the second screening operator in the algebraic structure of non-critical string theory.
It is possible to generalize our method to affine Lie algebras sl(n + 1|n) (1) , which has been suggested to give the non-critical W n -strings. This subject will be discussed in a forthcoming paper [15] .
